Abstract. A sequence {Tn} ∞ n=1 of bounded linear operators between separable Banach spaces X, Y is called diskcyclic if there exists a vector x ∈ X such that the disk-scaled orbit {αTnx : n ∈ N, α ∈ C, |α| ≤ 1} is dense in Y . In the first section of this paper we study some conditions that imply the diskcyclicity of {Tn} ∞ n=1 . In particular, a sequence {Tn} ∞ n=1 of bounded linear operators on separable infinite dimensional Hilbert space H is called subspace-diskcyclic with respect to the closed subspace M ⊆ H, if there exists a vector x ∈ H such that the disk-scaled orbit {αTnx : n ∈ N, α ∈ C, |α| ≤ 1} ∩ M is dense in M . In the second section we survey some conditions and subspace-diskcyclicity criterion (analogue the results obtained by the some mathematicians in [8, 9, 5]) which are sufficient for the sequence {Tn} ∞ n=1 to be subspace-diskcyclic.
Introduction and Preliminaries
Let X and Y be separable Banach spaces. The set of all bounded linear operators from X to Y is denoted by L(X, Y ). A sequence of operators {T n } ∞ n=1 ⊆ L(X, Y ) is called hypercyclic if there exists a vector x ∈ X such that the set {T n x : n ∈ N} is dense in Y . Such a vector is called hypercyclic vector for the sequence of operators {T n } ∞ n=1 . We say that an operator T : X → X is hypercyclic if the sequence of its iterates {T n } ∞ n=1 is hypercyclic. Over the last two decades hypercyclic operators have been widely studied. A good survey of hypercyclic operators is the recent book [1] . Furthermore some survey articles such as [10] , [5] , [3] and [6] are important references in this subject. The hypercyclicity of sequence of linear operators and its relevant criteria have been studied in [8] , [2] and [5] . In [9] , B.F. Madore and R.A. Martinez-Avendano introduced the concept of subspacehypercyclicity for a bounded linear operator T defined on Hilbert space H and they proved a Kitai-like criterion that implies subspace-hypercyclicity. Indeed, all these motivated us to study diskcyclicity and subspace-diskcyclicity of sequences of linear operators. Let H be a separable infinite dimensional Hilbert space over the field of complex numbers C and let M be a closed subspace of H. A sequence of operators {T n } ∞ n=1 ⊆ L(H) is called subspace-diskcyclic if there exists a vector
x ∈ X such that the intersection of disk scaled orbit of {T n } ∞ n=1 and M , {αT n x : n ∈ N, α ∈ C, |α| ≤ 1} ∩ M is dense in M . Such a vector is called subspace-diskcyclic vector for the sequence of operators {T n } ∞ n=1 with respect to M . The set of all subspacediskcyclic vectors for {T n } ∞ n=1 is denoted by DC({T n } ∞ n=1 , M ). In particular we say that an operator T : X → X is subspace-diskcyclic for some M ⊆ H if the sequence {T n } ∞ n=1 is subspace-diskcyclic for M . Although the notion of subspace-diskcyclicity can be defined between different separable Banach spaces, nevertheless we prefer to deal with the Hilbert space. Note that if the operator T is hypercyclic then the underlying Banach space X should be separable. In [1] it is shown that an operator T : X → X is hypercyclic if and only if it is topologically transitive i.e., for any pair U, V of nonempty open subsets of X there exists n ∈ N such that T n (αU ) ∩ V = ∅. In the first section of this paper we define the notion of the topologically transitivity for the sequences of operators {T n } ∞ n=1 and then we show that this is a necessary and sufficient condition for {T n } ∞ n=1 to be hypercyclic. Many criteria for hypercyclicity of {T n } ∞ n=1 have been studied in [8] , [7] , [2] and [5] . In section 3 we introduce the concept of subspace-disk topologically transitivity for the {T n } ∞ n=1 and then it shall be shown that {T n } ∞ n=1 is subspacediskcyclic if and only if it is subspace-disk topologically transitive. In addition some necessary and sufficient conditions, criterion and other properties concerning the subspace-diskcyclicity of sequences of linear operators {T n } ∞ n=1 are studied. 
where
Proof. Note that x ∈ DC({T n } ∞ n=1 ) if and only if for each k ∈ N, there exist n ∈ N and α ∈ C, |α| ≤ 1 such that αT n x ∈ V k or x ∈ T −1 n (αV k ). This occurs if and only if x ∈ ∞ k=1 ∞ n=1 α∈C,|α|≥1 T −1 n (αV k ). Hence the set of all diskcyclic vectors for {T n } ∞ n=1 is a G δ set.
is diskcyclic if and only if it is disk topologically transitive.
Proof. Choose open subsets U ⊆ X and V ⊆ Y arbitrarily. It is easy to check that if a sequence
Hence for any open subset U of X we have
Then the set {αT n x : n ∈ N, α ∈ C, |α| ≤ 1} is dense in Y and so {αT n x : n ∈ N, α ∈ C, |α| ≤ 1}∩V = ∅. Thus, αT n x ∈ V for some n ∈ N and α ∈ C, |α| ≤ 1. Therefore T n (αU ) ∩ V = ∅. Conversely suppose that the sequence {T n } ∞ n=1 ⊆ is disk topologically transitive. By Bair's category theorem and Lemma 2.3,
sequences of operators. The following conditions are equivalent:
(
For each x ∈ X, y ∈ Y and ǫ > 0 there exist n ∈ N , α ∈ C, 0 < |α| ≤ 1 and u ∈ X such that αu − x < ǫ and αT n u − y < ǫ.
Proof. (i) ⇒ (ii) : Let U be an arbitrary nonempty open subset of X. By (i) there exist n ∈ N and α ∈ C, 0 < |α| ≤ 1 such that
Thus, there exist n ∈ N and α ∈ C, 0 < |α| ≤ 1 such that
Proof. Without loss of generality we may assume that k n > 0 for each n ∈ N. Let x be a diskcyclic vector for {c n T n } ∞ n=1 . It is enough to show that {αc n T n x : n ∈ N, α ∈ C, |α| ≤ 1} ⊆ {αk n T n x : n ∈ N, α ∈ C, |α| ≤ 1}.
Take y ∈ {αc n T n x : n ∈ N, α ∈ C, |α| ≤ 1}. Then there exist n ∈ N and α ∈ C, |α| ≤ 1 such that y = αc n T n x. One may write y = α cn kn k n T n x = α ′ k n T n x where α ∈ C, |α ′ | ≤ 1. This follows that y ∈ {αk n T n x : n ∈ N, α ∈ C, |α| ≤ 1}.
Subspace-diskcyclic sequences of linear operators
From now on H denotes a separable infinite dimensional Hilbert space over the field of complex numbers C. 
is a countable open basis for the relatively topology of M as a subspace of H.
Proof. Note that n (αU ) ∩ V for some n ∈ N and α ∈ C, |α| ≥ 1. Then
Since W is open subset we may claim that x 0 + rx ∈ W for sufficiently small r > 0. 
is a nonempty, open and dense set in M . By Bair's category theorem
remains still dense set in M . But by Theorem 3.3, we know that
and the result is obtained. 
is subspace-topologically transitive with respect to M and hence {T n } ∞ n=1 is subspace-hypercyclic for M. Proof. The sketch of the proof is well-known and we follow it same as used in [9] . Let U ⊆ M and V ⊆ M be nonempty open subsets. By Theorem 3.3 we have to only show that there exists k ∈ N such that T −1 n k (U ) ∩ V is nonempty. Since X and Y are dense in M , there exists u ∈ U ∩ Y and v ∈ V ∩ X. Moreover, one may catch δ > 0 such that the M -ball centered at u of radius δ, denoted by B M (u, δ), is contained in U and B M (v, δ) ⊆ V. Now by (ii), we can choose k large enough such that there exists
We know that v + x k ∈ M and
It follows that
Eventually, the above arguments imply that
and the result follows. (ii) for any y ∈ Y ,there exist a sequence {x k } in M and α ∈ C, |α| ≤ 1 such that x k → 0 and αT n k x k → y;
is subspace-disk topologically transitive with respect to M and hence {T n } ∞ n=1 is subspace-diskcyclic for M. Proof. Let U and V be nonempty relatively open subsets of M . By Theorem 3.5, it is enough to prove that there exist k ∈ N and α ∈ C, |α| ≥ 1 such that T −1 n k (αU ) ∩ V is nonempty. For each ǫ > 0, choose k large enough such that there exist x k ∈ M and α ∈ C, 0 < |α| ≤ 1 where T n k x < ǫ 2 , x k < ǫ and αT n k x k − y < ǫ 2 hold for every x ∈ X and y ∈ Y. As mentioned in the proof of the previous theorem, αu ∈ U ∩ Y , v ∈ V ∩ X and δ > 0 are easily found on which
Hence the above inequalities can be rewritten as follows
which follows that 
is subspace-diskcyclic for L. Proof. Suppose that {T n } ∞ n=1 is subspace-diskcyclic for L ⊆ M with diskcyclic vector x ∈ L. Then {αT n x : n ∈ N , α ∈ C, 0 < |α| ≤ 1} ∩ L ⊆ P ({αT n x : n ∈ N , α ∈ C, 0 < |α| ≤ 1}) ∩ L. We have P T n P = P T n , since N is invariant for every T n . This implies that P ({αT n x : n ∈ N , α ∈ C, 0 < |α| ≤ 1}) = {αP T n | M x : n ∈ N , α ∈ C, 0 < |α| ≤ 1}. Therefore {αP T n | M x : n ∈ N , α ∈ C, 0 < |α| ≤ 1} is dense in L.
Corollary 3.12. Let M be a reducible subspace for any T n . If {T n } ∞ n=1 ⊆ L(H) is subspace-diskcyclic for some L ⊆ M , then {P T n } ∞ n=1 is subspacediskcyclic for L.
Proof.
Theorem 3.13. Let H = n M n and P n be the projection onto M n along i =n M i . For each n ∈ N assume that T n M i ⊆ M i (i = 1, 2, 3, ...) . If a sequence {T n } ∞ n=1 ⊆ L(H) is subspace-diskcyclic for some M n , then {P n T n } ∞ n=1 is subspace-diskcyclic for M n .
Proof.
